We obtain the collection of symmetric and symplectic matrix integrals and the collection of Pfaffian tau-functions, recently described by Peng and Adler and van Moerbeke, as specific elements in the Spin-group orbit of the vacuum vector of a fermionic Fock space. This fermionic Fock space is the same space as one constructs to obtain the KP and 1-Toda lattice hierarchy.
Introduction and Symmetric Matrix Integrals
Recently H. Peng [11] showed that the symmetric matrix model and the statistics of the spectrum of symmetric matrix ensembles is governed by a strange reduction of the 2-Toda lattice hierarchy [12] . Adler and van Moerbeke [4] , [5] (see also [2] ) show that this reduction leads to vectors of Pfaffian tau-functions. However these Pfaffian tau-functions do not satisfy the Toda lattice hierarchy, but rather another system of PDE's, which can be identified as the BKP hierarchy in the form described by V. Kac and the author in [9] . To be more explicit, let S m (E) be the set of m × m symmetric matrices with spectrum in E ⊂ R (a union of intervals), dZ the Haar measure on symmetric matrices and V (t, z) = V (z) + ∞ i=1 t i z i , where V (Z) is a potential. Applying the spectral theorem to the symmetric matrix Z = O T diag(z 0 , ..., z m−1 )O, with O ∈ SO(m), we find upon integrating over the special orthogonal group the following computation of the symmetric matrix integral (see also [4] ). Let from now on m = 2n if m is even and m = 2n + 1 if m is odd.τ (e V (t,z i ) I E (z i )dz i ).
(1.1)
If m = 2n is even we continue as follows:
e V (t,z 2j )+V (t,z 2j+1 ) I E (z 2j )I E (z 2j+1 ) × sg(z 2j+1 − z 2j )dz 2j dz 2j+1 ) = (2n)!c 2n 2 n n! σ∈S 2n
sg(σ)
n−1 j=0 µ σ(2j),σ(2j+1) (t) =(2n)!c 2n Pf ((µ k,ℓ (t)) 0≤k,ℓ≤2n−1 ) (1.2)
Here Pf(A) stands for the Pfaffian of a skew-symmetric matrix A = (A ij ) 0≤i,j≤2n−1 defined by
(if n = 0 we assume Pf(A) = 1) and µ ij (t) = y i , z j t are the moments of the timedependent skew-symmetric inner product
If m = 2n + 1 is odd, we use the following lemma, which can be found in Adler, Horozov and van Moerbeke [1] , to continue the calculation.
Lemma 1.1 Let A = (a ij ) 0≤i,j≤2ℓ+1 be a skew symmetric matrix, then
where ρ ∈ S (k) 2n , the set of permutations of the numbers 1, 2, . . . , k − 1, k + 1, . . . , 2n, is such that σ(j) = ρ(j + ǫ k (j)), with ǫ k (j) = 0 if j < k and = 1 if j ≥ k. To give an idea of what we are doing, we give an example. If n = 2, k = 1 and σ = 0 1 2 3 4 4 3 0 2 1 , then ρ = 0 2 3 4 4 3 0 2 and sg(σ) = −sg(ρ). Hence,
where
and µ i (t) = (1, z i ) t are the moments of the time-dependent symmetric inner product
In this paper we will show, using the Clifford algebra techniques of [9] , that replacingτ E m by τ E m =τ E m m!cm , the generating series
of these Pfaffians is a specific element in the Spin group orbit of the vacuum vector in a fermionic Fock space. The fermionic Fock space which is constructed is more or less the same as the one one uses to obtain the KP hierarchy and 1-dim Toda lattice hierarchy. However, these tau-functions do not satisfy the KP or Toda lattice hierarchy, but we will show in section 3 that they satisfy the (charged) BKP hierarchy of [9] (see also section 2):
for all n, m ∈ Z, where Res
Notice that for all n, m ∈ 2Z these are exactly the equations for the Pfaffian tau-functions obtained by Adler and van Moerbeke in [4] . The hierarchy of equations for all n, m ∈ 2Z is called the DKP hierarchy in [9] . In fact using the KP boson-fermion correspondence one shows that
where X(t, z) and X(t, y, z) are the vertex operators
(1.8)
The symplectic matrix integrals, which can be treated in a similar way, are described in section 7.
The Geometry of Spinors and the BKP Hierarchy
In this section we recall the results of [9] . Consider the vector space
Cψ ± i and V 0 = Cψ 0 with symmetric bilinear form
Let Cℓ V be the associated Clifford algebra, that is the quotient of the tensor algebra over V by the ideal generated by relations
These relations induce a natural Z/2Z decompostion Cℓ V = Cℓ V 0 ⊕ Cℓ V 1 . Denote by (Cℓ V ) × the multiplicative group of invertible elements of the algebra Cℓ V , by Pin V the subgroup of (Cℓ V ) × generated by all the elements a such that aV a −1 = V and let Spin V = Pin V ∩ Cℓ 0 V . A simple but for this paper important observation is that for λ = +, −,
We have a homomorphism
Denote by U = j>0 (Cψ
) the subspace of C1 + V and let
The space F (V, U ) caries a structure of a Cℓ V -module induced by left multiplication. This module restricted to Pin V is called the spin module of the group Pin V . This module remains irreducible when restricted to Spin V . Denote the image of 1 in F (V, U ) by |0 , then
By introducing the notion of charge as follows:
the space F decomposes into charge sectors
then the vacuum vector |0 ∈ F is characterized (up to a constant factor) among the vectors of F by the property that
Moreover, let g ∈ Pin V , then
All maximal isotropic subspaces of V characterize the Spin V -group orbit. Let O = Spin V · |0 be the Spin V -orbit of |0 , one of the main observations of the paper [9] is the following:
Proposition 2.1 If τ ∈ F and τ = 0, then τ ∈ O if and only if τ satisfies the equation
This equation is called the fermionic BKP hierarchy. We will now rewrite these equations to a hierarchy of differential equations. For this we use the classical boson-fermion correspondence [10] . Consider the following generating series, called charged fermionic fields:
Then we have:
We split up field φ(z) = i φ i z i in its positive and negative part:
Define the bosonic fields (ν ∈ C)
where the normally ordered product of two fields is defined, as usual, by
Then one has (using Wick's formula)(λ = ±):
and ψ 0 commutes with all these bosonic operators. Thus, the α k , L ν k form the oscillator algebra, respectively Virasoro algebra and
The operator α 0 is diagonalizable in F , with eigenspaces the charge sectors F k , i.e. α 0 f k = kf k for f k ∈ F k . For that reason we call α 0 the charge operator. In order to express the fermionic fields ψ λ (z) in terms of the oscillator algebra, we need an additional operator Q on F defined by [7] , [8] )
We now identify F with the space B = C[q, q −1 , t 1 , t 2 , . . . ] via the vector space homorphism σ : F→B given by
The transported charge is as follows
and the transported charge decomposition is
The transported operators ψ 0 , α m and Q on B are as follows:
It is now straightforward to prove the following Lemma 2.1 For y > z one has
Using the commutation relations (2.6) one immediately obtains the following consequence of this lemma:
where ∆ m+1 (z) is the Vandermonde determinant, i.e., ∆ m+1 (z) = 0≤i<j≤m (z j − z i ).
We will now use the boson-fermion correspondence to rewrite the BKP hierarchy. Notice first that (2.4) is equivalent to
where Res f i z i = f −1 . Now apply σ to (2.11). Writing σ(τ ) = n∈Z τ n (t)q n , we obtain for all n, m ∈ Z equation (1.7) as the coefficient of q n ⊗ q m . The Spin group elements which we consider in the rest of the paper do not fit in the algebraic framework of this section. However, we will need them to describe the symmetric and symplectic matrix integrals as (generalized) tau-functions. Since all manipulations with vertex operators, used there, are well defined and correct, it is clear what we mean and we are doing.
Pfaffian Tau-Functions
Let F (z) (resp. F (y, z)) be a (skew-symmetric) weight function on R (R 2 ) and let
be the corresponding symmetric (skew-symmetric) inner product. Consider the following deformation of these inner products, which we assume to be the time-dependent t = (t 1 , t 2 , · · · ):
with ξ(t, z) = i t i z i as before. Notice that the inner products appearing in section 1 are special cases of (3.2). Let
be the moments. Consider the following generalized Spin group element (see section 2):
We calculate its action on the vacuum vector |0 , let
Using the boson-fermion correspondence and corollary 2.1 we rewrite this as follows, let
A similar calculation as in (1.3) and (1.4) now shows that τ F 2n+1 (t) = Pf(M 2n+1 (t)), where M 2n+1 (t) is given by (1.5). Hence we have shown:
Theorem 3.1 Let µ i (t), µ ij (t) be the moments of the symmetric, respectively skew-symmetric innerproduct (·, ·) t ) and ·, · t , defined by (3.2). Let M 2n (t) = (µ ij (t)) 0≤i,j≤2n−1 and
. . .
where X(t, y, z) and X(t, w) are given by (1.8).
Since τ F is an element in the spin group orbit of the vacuum vector, one has the following consequence:
Corollary 3.1 The Pfaffian tau-functions τ F m (t) = Pf(M m (t)), m ∈ Z, satisfy the BKP hierarchy (1.7).
Since f µ and exp g µ commute, we find that
Hence,
Virasoro Constraints
In this section we give a representation theoretical proof of the Virasoro constraints for the symmetric matrix integrals obtained by Adler and van Moerbeke in [4] . Our proof is along the lines of [3] . As before, consider the matrix integral over symmetric matriceŝ
integrated over the space S m (E) of symmetric matrices with spectrum in E ⊂ R, where
and we assume that the potential V satisfies
with e V (z) decaying to 0 fast enough at the boundary of its support. Let
be the corresponding weight functions. Comparing (1.1), (3.3) and (3.4) we find that 
Where we have used ∂ z sg(z − y) = 2δ(z − y). The last term on the right-hand side of (4.6) is equal to 0, the first to
and the second to
From which we conclude that
An analogous calculation also shows that
Using the action of the Virasoro and oscillator algebra on the vacuum vector (2.9), one has that for all k ≥ −1 and m ≥ 0:
Now recall from (2.10) that
and let as in section 1
then using the boson-fermion correspondence we have the following result of Adler and van Moerbeke [4] :
Fay Identity of the BKP Hierarchy
In this section we will prove the generalized Fay identity. We will use this identity to prove a recursion relation between certain pfaffian wave functions, which we will define in the next section.
Proof. Notice that equation (1.7) is equal to
where the integration is taken along a contour around z = 0 and all z = y k and z = z ℓ .
Hence the right-hand side of (5.1) is equal to
Now using the fact that the integrand has poles only at z = 0 and all z = y k and z = z ℓ , we obtain the desired result. 2
As a particular case of Proposition 5.1 we take n = N +1, m = N −2, p = 1, z 1 = u −1 ,q = 0 and t ′ = t − [u −1 ], where we notice that
We thus obtain Corollary 5.1
Wave Functions and Skew Orthogonal Polynomials
Introduce the following BKP wave functions:
These are different wave functions than the one described in [9] and [4] . Let h n (t) = (τ n+1 (t)) 2 τn(t)τ n+2 (t) , using corollary 5.1, one easily deduces the following recursion relation:
From now on let τ n (t) = τ F n (t) = Pf(M n (t)) as in section 3. It was shown in [1] that
, and
form a set skew orthonormal polynomials {P n (t, z)} n≥0 with respect to the time-dependent skew symmetric innerproduct ·, · t , defined in (3.2), i.e. P 2m ,P 2n t = P 2m+1 ,P 2n+1 t = 0 P 2m ,P 2n+1 t = − P 2n+1 ,P 2m t = δ nm . Now using (6.2), one sees that
Let Q 2n (t, z) = P 2n (t, z) and Q 2n+1 (t, z) = P 2n+1 (t) − P 2n−1 (t), then we thus have the following result:
, then the polynomials
form a set skew orthonormal polynomials with respect to the time-dependent skew-symmetric innerproduct ·, · t . Moreover,
Symplectic Matrix Integrals
In this section we will treat the symplectic matrix integrals, i.e., integrals of the form:
where dZ denotes the Haar measure
kℓ , on the space T 2N (E) of self-dual N × N Hermitean matrices with quaternionic entries and spectrum in E ⊂ R; these particular matrices can be realized as the space of 2N × 2N matrices with entries Z
It is shown in [5] thatτ
where the µ ij (t) are the moments of the skew-symmetric innerproduct
and F (z) = e 2V (z) I E (z). We will now show that the generating series
of these Pfaffians is again an element in the Spin group orbit of the vacuum vector. Let F (z) be a weight function on R and introduce the following symmetric, respectively skew-symmetric inner product:
with moments µ i = (z i , 1) respectively µ ij = z i , z j . Notice that ·, · t , given by (7.1), is a time-dependent t = (t 1 , t 2 , · · · ) deformation of ·, · . In a similar way is (f, g) t = R f (z)g(z)e 2ξ(t,z) F (z)dz, (7.3) a the time-dependent deformation of (·, ·).
To describe this symplectic case, we consider the generalized Spin group element Which leeds to the following result.
Theorem 7.1 Let µ ij (t) be the moments of the skew-symmetric inner product (see (7.1)) ·, · t with weight function F (z) = e 2V (z) I E (z) and let 
